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Gabardo and Nashed have studied nonuniform multiresolution analysis based on the
theory of spectral pairs in a series of papers, see Refs. 4 and 5. Farkov,3 has extended the
notion of multiresolution analysis on locally compact Abelian groups and constructed
the compactly supported orthogonal p-wavelets on L2(R+). We have considered the
nonuniform multiresolution analysis on positive half-line. The associated subspace V0 of
L2(R+) has an orthonormal basis, a collection of translates of the scaling function ϕ
of the form {ϕ(x � λ)}λ∈Λ+ where Λ+ = {0, r/N} + Z+, N > 1 (an integer) and r is
an odd integer with 1 ≤ r ≤ 2N − 1 such that r and N are relatively prime and Z+ is
the set of non-negative integers. We find the necessary and sufficient condition for the
existence of associated wavelets and derive the analogue of Cohen’s condition for the
nonuniform multiresolution analysis on the positive half-line.
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1. Introduction

Multiresolution analysis is known as the heart of wavelet theory. The concept of
multiresolution analysis provides an elegant tool for the construction of wavelets.
A multiresolution on the set of real numbers R, introduced by Mallat,13 under the
inspiration of Y. Meyer is an increasing sequence of closed subspaces {Vj}j∈Z of
L2(R) such that

⋂
j∈Z

Vj = {0}, ⋃j∈Z
Vj is dense in L2(R) and which satisfies

f(x) ∈ Vj if and only if f(2x) ∈ Vj+1. Furthermore, there should exist an ele-
ment φ ∈ V0 such that the collection of integer translates of φ, {φ(x − n)}n∈Z

is a complete orthonormal system for V0. In the definition of multiresolution
analysis the dilation factor of two can be replaced by an integer N ≥ 2 and
one can construct N − 1 wavelets to generate the whole space L2(R). A simi-
lar generalization of multiresolution analysis can be made in higher dimensions
by considering matrix dilations, see Ref. 10. Gabardo and Nashed,6 considered a
generalization of the notion of multiresolution analysis, which is called nonuni-
form multiresolution analysis (NUMRA) and is based on the theory of spectral
pairs.

Given a one-periodic trigonometric polynomial m0 satisfying the identities
m0(0) = 1 and |m0(ξ + 1/2)|2 + |m0(ξ)|2 = 1, Cohen’s condition provides a nec-
essary and sufficient condition for a function φ, defined via the Fourier transform
by the infinite product φ̂(ξ) =

∏∞
k=1m0( ξ

2k ), to be the scaling function of some
multiresolution analysis on R and in particular, for the sequence of translates of φ
i.e. {φ(x − n)}n∈Z, that generates the associated subspace V0, to be orthonormal.
Gabardo and Nashed,7 derive the analogue of Cohen’s condition for the generalized
setting of NUMRA.

Walsh analysis or dyadic harmonic analysis has been extensively studied: both
aspects theory as well as applications, see Refs. 3, 6 and 13. Lang,9–11 initiated the
study of wavelet analysis on the Cantor dyadic group. The concept of dyadic mul-
tiresolution analysis has been studied on L2(R+), where R+ denotes the positive
half-real line by Protasov and Farkov.14 Farkov,3 has given a general construction
of compactly supported orthogonal p-wavelets in L2(R+) and for all integers p ≥ 2;
these wavelets have been identified with certain lacunary Walsh series on R+. The
approach adopted by Farkov is connected with Walsh–Fourier transform and the
elements of M -band wavelet theory. Also Farkov et al.,4 have constructed an algo-
rithm for computing biorthogonal compactly supported dyadic wavelets related to
the Walsh functions on the positive half-line R+. F. A. Shah,16 studied the construc-
tion of p-wavelet packets associated with the multiresolution defined by Farkov,3

for L2(R+). M. K. Ahmad and J. Iqbal,1 derived frames and corresponding frame
bounds for vector-valued Weyl–Heisenberg wavelets. In the present paper we intro-
duce the notion of nonuniform multiresolution analysis on positive half-real line
and study the analogue of the results of Gabardo and Nashed and Cohen’s result
cited above.
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Let us recall the definitions of NUMRA and associated set of wavelets:

Definition 1.1. Given an integer N ≥ 1 and an odd integer r with 1 ≤ r ≤ 2N−1
such that r and N are relatively prime, an associated nonuniform multiresolution
analysis (abbreviated NUMRA) is a collection {Vj}j∈Z of closed subspaces of L2(R)
satisfying the following properties:

(a) Vj ⊂ Vj+1 ∀ j ∈ Z.
(b)

⋃
j∈Z

Vj is dense in L2(R).
(c)
⋂

j∈Z
Vj = {0}.

(d) f(x) ∈ Vj if and only if f(2Nx) ∈ Vj+1.
(e) There exists a function φ ∈ V0, called a scaling function such that the collection

{φ(x − λ)}λ∈Λ where Λ = {0, r/N} + 2Z is a complete orthonormal system
for V0.

It is worth noticing that when N = 1, one recovers from definition above the
standard definition of a one-dimensional MRA with dyadic dilation. When N > 1,
the dilation factor of 2N ensures that 2NΛ ⊂ 2Z ⊂ Λ. However, the existence
of associated wavelets with the dilation 2N and translation set Λ is no longer
guaranteed as is the case in the standard setting.

Given a NUMRA, we denote by Wm the orthogonal complement of Vm in Vm+1,
for any integer m. It is clear from (a), (b) and (c) of Definition 1.1 that

L2(R) =
⊕
m∈Z

Wm.

Definition 1.2. A collection {ψk}k=1,2,...,2N−1 of functions in V1 will be called a
set of wavelets associated with a given NUMRA if the family of functions {ψk(x−
λ)}k=1,...,2N−1,λ∈Λ is an orthonormal system for W0.

The main results of Gabardo and Nashed deal with necessary and sufficient
condition for the existence of associated wavelets, [6, Theorem 3.7] and extension
of Cohen’s theorem [7, Theorem 4.2]. The following result proved in Ref. 6, provides
the simple necessary and sufficient conditions for the existence of the associated set
of wavelets.

Theorem 1.1. Consider a NUMRA with associated parameters N and r, as in
Definition 1.1, such that the corresponding space V0 has an orthonormal system of
the form {φ(x − λ)}λ∈Λ, where Λ = {0, r/N} + 2Z, φ̂ satisfies the scaling relation

φ̂(2Nξ) = m0(ξ)φ̂(ξ),

where φ̂ denotes the Fourier transform of a function φ and m0 has the form

m0(ξ) = m1
0(ξ) + e−2πiξr/Nm2

0(ξ),

for some locally L2, 1/2-periodic functions m1
0 and m2

0. Define M0 by

M0(ξ) = |m1
0(ξ)|2 + |m2

0(ξ)|2.
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Then, each of the following conditions is necessary and sufficient for the exis-
tence of associated wavelets ψ1, . . . , ψ2N−1:

(a) M0 is 1/4-periodic.
(b)

∑N−1
k=0 δk/2 ∗

∑
j∈Z

δjN ∗ |φ̂|2 = 1.
(c) For any odd integer m, we have∫

R

φ(x)φ
(
x− m

N

)
dx = 0.

Gabardo and Nashed7 provides an extension to the setting of NUMRAs of the
standard construction of wavelet analysis which consists in constructing a NUMRA
starting from a trigonometric polynomial m0 of the form

m0(ξ) = m1
0(ξ) + e−2πiξr/Nm2

0(ξ), (1.1)

where the integers r and N satisfy N ≥ 1, 1 ≤ r ≤ 2N − 1, r is odd, r and N are
relatively prime and m1

0(ξ) and m2
0(ξ) are 1/2-periodic trigonometric polynomials.

The following theorem by Gabardo and Nashed,7 generalizes Cohen’s result for
NUMRA, which gives a sufficient condition for the orthonormality of the collection
{φ(x− λ)}λ∈Λ.

Theorem 1.2. Let m0 be a trigonometric polynomial of the form “(1.1)” which
satisfies m0(0) = 1 together with the conditions

2N−1∑
p=0

M0

(
ξ +

p

4N

)
= 1, (1.2)

2N−1∑
p=0

αpM0

(
ξ +

p

4N

)
= 0, (1.3)

where α = e−πir/N and M0(ξ) = |m1
0(ξ)|2 + |m2

0(ξ)|2. Let φ be defined by the
formula

φ̂(2Nξ) = m0(ξ)φ̂(ξ), (1.4)

and let Λ = 0, r/N+2Z. Then a sufficient condition for the collection {φ(x−λ)}λ∈Λ

to be orthonormal in L2(R) is the existence of a constant c > 0 and of a compact
set K ⊂ R that contains a neighborhood of the origin and satisfies

N−1∑
k=0

δk/2 ∗
∑
j∈Z

δNj ∗ χK = 1,

such that ∣∣∣∣m0

(
ξ

(2N)k

)∣∣∣∣ ≥ c ∀ ξ ∈ K, ∀ k ≥ 1.

Furthermore, if the function M0 defined by M0(ξ) = |m1
0(ξ)|2 + |m2

0(ξ)|2 is 1/4-
periodic, the condition is also necessary.
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This paper is organized as follows. In Sec. 2, we explain certain results of Walsh–
Fourier analysis. We present a brief review of generalized Walsh functions, Walsh–
Fourier transforms and its various properties, multiresolution p-analysis in L2(R+)
introduced by Farkov.3 Nonuniform multiresolution analysis on positive half-line is
defined in Sec. 3 and a necessary and sufficient condition for the existence of associ-
ated wavelet is given. In Sec. 4, we construct nonuniform multiresolution analysis on
positive half-line starting from a Walsh polynomial m0 satisfying appropriate con-
ditions and showing that the scaling function ϕ defined, via the Fourier transform,
by the corresponding infinite product

ϕ̃(ξ) =
∞∏

k=1

m0

(
ξ

Nk

)

belong to L2(R+). We construct a nonuniform multiresolution analysis on positive
half-line with a compactly supported scaling function ϕ. In Sec. 5, we find the
analogue of Cohen’s condition for nonuniform multiresolution on positive half-line
which gives necessary and sufficient condition for the orthonormality of the system
{ϕ(x � λ)}λ∈Λ+ where Λ+ = {0, r/N} + Z+, N > 1 is an integer and r is an odd
integer with 1 ≤ r ≤ 2N − 1 such that r and N are relatively prime.

2. Certain Results of Walsh–Fourier Analysis

Let p be a fixed natural number greater than 1. As usual, let R+ = [0,+∞) and
Z+ = {0, 1, . . .}. Denote by [x] the integer part of x. For x ∈ R+ and for any
integer j

xj = [pjx] (mod p), x−j = [p1−jx] (mod p), (2.1)

where xj , x−j ∈ {0, 1, . . . , p− 1}. It is clear that for each x ∈ R+, ∃ k = k(x) in N

such that x−j = 0 ∀ j > k.
Consider on R+ the addition defined as follows:

x⊕ y =
∑
j<0

ξjp
−j−1 +

∑
j>0

ξjp
−j ,

with ξj = xj + yj (mod p), j ∈ Z\{0}, where ξj ∈ {0, 1, 2, . . . , p− 1} and xj , yj are
calculated by (2.1).

For p = 2 ⊕ was introduced by N. J. Fine, see Ref. 13. For x ∈ R+ and j ∈ N

we define the numbers xj , x−j ∈ {0, 1} as follows:

xj = [2jx] (mod 2), x−j = [21−jx] (mod 2), (2.2)

where [ · ] denotes the integral part of x ∈ R+. xj and x−j are the digits of the
binary expansion

x =
∑
j<0

xj2−j−1 +
∑
j=0

xj2−j. (2.3)

(For dyadic x, we obtain an expansion with finitely many nonzero terms.)
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For fixed x, y ∈ R+, we set

x⊕ y =
∑
j<0

|xj − yj |2−j−1 +
∑
j>0

|xj − yj|2−j ,

where xj , yj are defined in (2.2). By definition x� y = x⊕ y (because x⊕ x = 0).
The binary operation ⊕ identifies R+ with the group G2 (dyadic group with

addition modulo two) and is useful in the study of dyadic Hardy classes and image
processing, see Refs. 6 and 13.

For x ∈ [0, 1), let r0(x) is given by

r0(x) =

{
1 x ∈ [0, 1/p),

εj
p x ∈ [jp−1, (j + 1)p−1), j = 1, 2, . . . , p− 1,

(2.4)

where εp = exp(2πi
p ).

The extension of the function r0 to R+ is defined by the equality r0(x + 1) =
r0(x), x ∈ R+. Then the generalized Walsh functions {wm(x)}m∈Z+ are defined by

w0(x) ≡ 1 and wm(x) =
k∏

j=0

(r0(p jx))µj ,

where

m =
k∑

j=0

µjp
j , µj ∈ {0, 1, . . . , p− 1}, µk �= 0,

(the classical Walsh system corresponds for the case p = 2).
For x,w ∈ R+, let

χ(x,w) = exp


2πi

p

∞∑
j=1

(xjw−j + x−jwj)


 , (2.5)

where xj and wj are given by (2.1).
We observe that

χ

(
x,

m

pn−1

)
= χ

(
x

pn−1
,m

)
= wm

(
x

pn−1

)
∀x ∈ [0, pn−1), m ∈ Z.

The Walsh–Fourier transform of a function f ∈ L1(R+) is defined by

f̃(w) =
∫

R+

f(x)χ(x,w)dx, (2.6)

where χ(x,w) is given by (2.5).
If f ∈ L2(R+) and

Jaf(w) =
∫ a

0

f(x)χ(x,w)dx (a > 0), (2.7)

then f̃ is defined as limit of Jaf in L2(R+) as a→ ∞.
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Properties of Walsh–Fourier transform

If f ∈ L2(R+), then f̃ ∈ L2(R+) and

‖f̃‖L2(R+) = ‖f‖L2(R+).

If x, y, w ∈ R+ and x⊕ y is p-adic irrational, then

χ(x⊕ y, w) = χ(x,w)χ(y, w), (2.8)

see Ref. 6. Thus for fixed x and w, the equality (2.8) holds for all y ∈ R+ except
for countably many. It is well known that systems {χ(α, ·)}∞α=0 and {χ(·, α)}∞α=0

are orthonormal bases in L2[0, 1].
Let {w} denotes the fractional part of w. For any ϕ ∈ L2(R+) and k ∈ Z+, we

have ∫
R+

ϕ(x)ϕ(x � k)dx =
∞∑

l=0

∫ l+1

l

|ϕ̃(w)|2χ(k, {w})dw

=
∫ 1

0

( ∑
l∈Z+

|ϕ̃(w + l)|2
)
χ(k, w)dw. (2.9)

Therefore, a necessary and sufficient condition for a system {ϕ(· � k)/k ∈ Z+} to
be orthonormal in L2(R+) is∑

l∈Z+

|ϕ̃(w + l)|2 = 1 a.e. (2.10)

Multiresolution p-analysis in L2(R+) defined by Farkov3 is as follows.

Definition 2.1. A multiresolution p-analysis in L2(R+) is a sequence of closed
subspaces Vj ⊂ L2(R+) (j ∈ Z) such that the following hold:

(i) Vj ⊂ Vj+1 for all j ∈ Z.
(ii)

⋃
Vj is dense in L2(R+) and

⋂
Vj = {0}.

(iii) f(·) ∈ Vj ⇔ f(p·) ∈ Vj+1 for all j ∈ Z.
(iv) f(·) ∈ V0 ⇔ f(· ⊕ k) ∈ V0 for all k ∈ Z+.
(v) There is a function ϕ ∈ L2(R+) such that {ϕ(· � k)/k ∈ Z+} is an orthonormal

basis of V0.

The function ϕ is called a scaling function in L2(R+).

Farkov3 has given a general construction of compactly supported orthogonal
p-wavelets in L2(R+) arising from scaling filters with pn many terms. For all integer
p ≥ 2 these wavelets are identified with certain lacunary Walsh series on R+. In this
new setting Farkov has proved the extension of classical results concerning necessary
and sufficient condition of wavelets associated with the classical multiresolution
analysis.
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The following theorem by Farkov generalizes A. Cohen’s result:

Theorem 2.1. Let

m0(w) =
pn−1∑
α=0

aαχ(α,w)

be a polynomial satisfying the following conditions:

(a) m0(0) = 1.
(b)

∑pn−1
j=0 |m0(sp−n ⊕ jp−1)|2 = 1 for s = 0, 1, . . . , pn−1 − 1.

(c) There exists a W -compact set E such that 0 ∈ int(E), µ(E) = 1, E ≡
[0, 1) (mod Z+) and

inf
j∈N

inf
w∈E

|m0(p−jw)| > 0.

If the Walsh–Fourier transform of ϕ ∈ L2(R+) can be written as

ϕ̃(w) =
∞∏

j=1

m0(p−jw),

then ϕ is a scaling function in L2(R+).

3. Nonuniform Multiresolution Analysis on Positive Half-Line

Definition 3.1. For an integer N > 1 and an odd integer r with 1 ≤ r ≤ 2N − 1
such that r and N are relatively prime, an associated nonuniform multiresolution
analysis on positive half-line is a sequence of closed subspaces Vj ⊂ L2(R+), j ∈ Z

such that the following properties hold:

(i) Vj ⊂ Vj+1 ∀ j ∈ Z.
(ii)

⋃
j∈Z

Vj is dense in L2(R+).
(iii)

⋂
j∈Z

Vj = {0}.
(iv) f(·) ∈ Vj ⇔ f(N.) ∈ Vj+1 ∀ j ∈ Z.
(v) There exists a function ϕ ∈ V0 such that {ϕ(x � λ), λ ∈ Λ+} where Λ+ =

{0, r/N} + Z+, is a complete orthonormal system for V0.

The function ϕ is called a scaling function in L2(R+).

When N > 1, the dilation factor of N ensures that

NΛ+ ⊂ Z+ ⊂ Λ+.

By the conditions (iv) and (v) of the Definition 3.1

ϕ1,λ(x) = N1/2ϕ(Nx� λ), λ ∈ Λ+

constitute an orthonormal basis in V0.
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Since V0 ⊂ V1, the function ϕ ∈ V1 and has the Fourier expansion

ϕ(x) =
∑

λ∈Λ+

hλ(N)1/2ϕ(Nx� λ),

where hλ =
∫

R+
ϕ(x)ϕ1,λ(x)dx.

This implies that

ϕ(x) = N
∑

λ∈Λ+

aλϕ(Nx� λ),
∑

λ∈Λ+

|aλ|2 <∞,

where aλ = (N)−1/2hλ.

Lemma 3.1. Consider a nonuniform multiresolution analysis on positive half-line
as in Definition 3.1. Let ψ0 = ϕ and suppose ∃N − 1 functions ψk, k = 1, 2, . . . ,
N − 1 in V1 such that the family of functions {ψk(x � λ)}λ∈Λ+,k=0,1,...,N−1 forms
an orthonormal system in V1. Then the system is complete in V1.

Proof. Since ψk ∈ V1, k = 0, 1, . . . , N − 1 there exists the sequences {hk
λ}λ∈Λ+

satisfying
∑

λ∈Λ+
|hk

λ|2 <∞ such that

ψk(x) =
∑

λ∈Λ+

hk
λN

1/2ϕ(Nx� λ).

This implies that

ψk(x) = N
∑

λ∈Λ+

ak
λϕ(Nx� λ),

∑
λ∈Λ+

|ak
λ|2 <∞,

where ak
λ = (N)−1/2hk

λ.
On taking the Walsh–Fourier transform, we have

ψ̃k(ξ) = mk

(
ξ

N

)
ϕ̃

(
ξ

N

)
, (3.1)

where mk(ξ) =
∑

λ∈λ+
ak

λχ(λ, ξ) and χ(λ, ξ) = exp(2πi
N

∑∞
j=1(λjξ−j + λ−jξj))

where λj and ξj are given by (2.1) for a positive integer N .
Since Λ+ = {0, r/N} + Z+, we can write

mk(ξ) = m1
k(ξ) + χ

( r
N
, ξ
)
m2

k(ξ), k = 0, 1, . . . , N − 1, (3.2)

where m1
k and m2

k are locally L2 functions.
According to Ref. 8 for λ ∈ Λ+, where Λ+ = {0, r/N}+ Z+ and by assumption

we have ∫
R+

ψk(x)ψl(x� λ)dx =
∫

R+

ψ̃k(ξ)ψ̃l(ξ)χ(λ, ξ)dξ

= δklδ0λ,

where δkl denotes the Kronecker delta.

1250018-9
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Define

hkl(ξ) =
∑

j∈Z+

ψ̃k(ξ +Nj)ψ̃l(ξ +Nj), 0 ≤ k, l ≤ N − 1.

If λ ∈ Z+, we have∫
R+

ψk(x)ψl(x� λ)dx =
∫

[0,N ]

hkl(ξ)χ(λ, ξ)dξ

=
∫

[0,1]

[
N−1∑
p=0

hkl(ξ + p)

]
χ(λ, ξ)dξ

On taking λ = r
N + n where n ∈ Z+, we obtain∫

R+

ψk(x)ψl(x� λ)dx =
∫

[0,N ]

χ
(
n+

r

N
, ξ
)
hkl(ξ)dξ

=
∫

[0,N ]

χ(n, ξ)χ
( r
N
, ξ
)
hkl(ξ)dξ

=
∫

[0,N ]

χ(n, ξ)χ
( r
N
, ξ
)[N−1∑

p=0

χ
( r
N
, p
)
hkl(ξ + p)

]
dξ.

By the orthonormality of the system {ψk(x � λ)}λ∈Λ+,k=0,1,...,N−1 we conclude
that

N−1∑
p=0

hkl(ξ + p) = δkl (3.3)

and
N−1∑
p=0

χ
( r
N
, p
)
hkl(ξ + p) = 0 i.e.

N−1∑
p=0

αphkl(ξ + p) = 0, (3.4)

where α = χ(r/N, 1), since χ(r/N, p) = [χ(r/N, 1)]p for p = 0, 1, . . . , N − 1.
Now we will express the conditions (3.3) and (3.4) in terms of mk as follows:

hkl(Nξ) =
∑

j∈Z+

ψ̃k(Nξ +Nj)ψ̃l(Nξ +Nj)

=
∑

j∈Z+

ψ̃k[N(ξ + j)]ψ̃l[N(ξ + j)]

=
∑

j∈Z+

mk(ξ + j)ml(ξ + j)|ϕ̃(ξ + j)|2

= [m1
k(ξ)m1

l (ξ) +m2
k(ξ)m2

l (ξ)]
∑

j∈Z+

|ϕ̃(ξ + j)|2

1250018-10
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+


m1

k(ξ)m2
l (ξ)

∑
j∈Z+

χ
( r
N
, ξ + j

)
|ϕ̃(ξ + j)|2




+


m2

k(ξ)m1
l (ξ)

∑
j∈Z+

χ
( r
N
, ξ + j

)
|ϕ̃(ξ + j)|2


 .

Therefore,

hkl(Nξ) = [m1
k(ξ)m1

l (ξ) +m2
k(ξ)m2

l (ξ)]
N−1∑
j=0

h00(ξ + j)

+


m1

k(ξ)m2
l (ξ)χ

( r
N
, ξ
)N−1∑

j=0

χ
( r
N
, j
)
h00(ξ + j)




+


m2

k(ξ)m1
l (ξ)χ

( r
N
, ξ
)N−1∑

j=0

χ
( r
N
, j
)
h00(ξ + j)




= m1
k(ξ)m1

l (ξ) +m2
k(ξ)m2

l (ξ).

By using the last identity and Eqs. (3.3) and (3.4), we obtain

N−1∑
p=0

[
m1

k

(
ξ + p

N

)
m1

l

(
ξ + p

N

)
+m2

k

(
ξ + p

N

)
m2

l

(
ξ + p

N

)]
= δkl, (3.5)

and

N−1∑
p=0

αp

[
m1

k

(
ξ + p

N

)
m1

l

(
ξ + p

N

)
+m2

k

(
ξ + p

N

)
m2

l

(
ξ + p

N

)]
= 0, (3.6)

0 ≤ k, l ≤ N − 1.
Both of these conditions together are equivalent to the orthonormality of the

system {ψk(x� λ)}λ∈Λ+,k=0,1,...,N−1.
The completeness of the system {ψk(x�λ)}λ∈Λ+,k=0,1,...,N−1 in V1 is equivalent

to the completeness of the system { 1
N ψk( x

N � λ)}λ∈Λ+,k=0,1,...,N−1} in V0. For a
given arbitrary function f ∈ V0, by assumption ∃ a unique function m(ξ) of the
form

∑
λ∈Λ+

bλχ(λ, ξ) where
∑

λ∈Λ+
|bλ|2 <∞ such that f̃(ξ) = m(ξ)ϕ̃(ξ).

Hence, in order to prove the claim, it is enough to show that the system of
functions

S = {χ(Nλ, ξ)mk(ξ)}λ∈Λ+,k=0,1,...,N−1

is complete in L2[0, 1].
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Let g ∈ L2[0, 1], therefore ∃ locally L2 functions g1 and g2 such that

g(ξ) = g1(ξ) + χ
( r
N
, ξ
)
g2(ξ).

Assuming that g is orthogonal to all functions in S, we then have for any λ ∈ Λ+

and k ∈ {0, 1, . . . , N − 1} that

0 =
∫

[0,1]

χ(ξ,Nλ)mk(ξ)g(ξ)dξ

=
∫

[0,1]

χ(ξ,Nλ)[m1
k(ξ)g1(ξ) +m2

k(ξ)g2(ξ)]dξ. (3.7)

Taking λ = m where m ∈ Z+ and defining

wk(ξ) = m1
k(ξ)g1(ξ) +m2

k(ξ)g2(ξ), k = 0, 1, . . . , N − 1,

we obtain

0 =
∫

[0,1]

χ(ξ,Nm)wk(ξ)dξ

=
∫

[0, 1
N ]

χ(ξ,Nm)
N−1∑
j=0

wk

(
ξ +

j

N

)
dξ.

Since this equality holds for all m ∈ Z+, therefore

N−1∑
j=0

wk

(
ξ +

j

N

)
= 0 for a.e. ξ. (3.8)

Similarly, on taking λ = m+ r
N where m ∈ Z+, we obtain

0 =
∫

[0,1]

χ(ξ,Nm)χ(ξ, r)wk(ξ)dξ

=
∫

[0, 1
N ]

χ(ξ,Nm)χ(ξ, r)
N−1∑
j=0

αjwk

(
ξ +

j

N

)
dξ.

Hence we deduce that
N−1∑
j=0

αjwk

(
ξ +

j

N

)
= 0 for a.e. ξ,

which proves our claim.

If ψ0, ψ1, . . . , ψN−1 ∈ V1 are as in Lemma 3.1, one can obtain from them an
orthonormal basis for L2(R+) by following the standard procedure for construction
of wavelets from a given MRA.2,12,17,18 It can be easily checked that for everym ∈ Z,
the collection {Nm/2ψk(Nmx � λ)}λ∈Λ+,k=0,1,...,N−1 is a complete orthonormal
system for Vm+1.
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Given a NUMRA on positive half-line, we denote by Wm the orthogonal com-
plement of Vm in Vm+1, m ∈ Z. It is clear from (i), (ii) and (iii) of Definition 3.1
that

L2(R+) =
⊕
m∈Z

Wm,

where ⊕ denotes the orthogonal direct sum with the inner product of L2(R+).
From this it follows immediately that the collection {Nm/2ψk(Nmx �

λ)}λ∈Λ+,m∈Z,k=1,2,...,N−1 forms a complete orthonormal system for L2(R+).

Definition 3.2. A collection {ψk}k=1,2,...,N−1 of functions in V1 will be called a set
of wavelets associated with a given nonuniform multiresolution analysis on positive
half-line if the family of functions {ψk(x � λ)}k=1,2,...,N−1,λ∈Λ+ is an orthonormal
system for W0.

The following theorem proves the necessary and sufficient condition for the
existence of associated set of wavelets to nonuniform multiresolution analysis on
positive half-line.

Theorem 3.1. Consider a nonuniform multiresolution analysis on a positive half-
line with associated parameters N and r, as in Definition 3.1, such that the corre-
sponding space V0 has an orthonormal system of the form {ϕ(x � λ)}λ∈Λ+ where
Λ+ = {0, r/N} + Z+, ϕ̃ satisfies

ϕ̃(ξ) = m0

(
ξ

N

)
ϕ̃

(
ξ

N

)
, (3.9)

and m0 has the form

m0(ξ) = m1
0(ξ) + χ

( r
N
, ξ
)
m2

0(ξ), (3.10)

for some locally L2 functions m1
0 and m2

0. M0 is defined as

M0(ξ) = |m1
0(ξ)|2 + |m2

0(ξ)|2. (3.11)

Then a necessary and sufficient condition for the existence of associated wavelets
ψ1, ψ2, . . . , ψN−1 is that M0 satisfies the identity

M0(ξ + 1) = M0(ξ). (3.12)

Proof. The orthonormality of the collection of functions {ϕ(x � λ)}λ∈Λ+ which
satisfies (3.9), implies the following identities as shown in the proof of Lemma 3.1

N−1∑
p=0

[∣∣∣m1
0

(
ξ +

p

N

)∣∣∣2 +
∣∣∣m2

0

(
ξ +

p

N

)∣∣∣2] = 1

and
N−1∑
p=0

αp

[∣∣∣m1
0

(
ξ +

p

N

)∣∣∣2 +
∣∣∣m2

0

(
ξ +

p

N

)∣∣∣2] = 0,
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where α = χ(r/N, 1). Similarly if {ψk}k=1,2,...,N−1 is a set of wavelets associated
with the given nonuniform multiresolution analysis then it satisfies the relation
(3.1) and the orthonormality of the collection {ψk}k=0,1,...,N−1 in V1 is equivalent
to the identities

N−1∑
p=0

[
m1

k

(
ξ + p

N

)
m1

l

(
ξ + p

N

)
+m2

k

(
ξ + p

N

)
m2

l

(
ξ + p

N

)]
= δkl, (3.13)

and

N−1∑
p=0

αp

[
m1

k

(
ξ + p

N

)
m1

l

(
ξ + p

N

)
+m2

k

(
ξ + p

N

)
m2

l

(
ξ + p

N

)]
= 0, (3.14)

0 ≤ k, l ≤ N − 1.
If ξ ∈ [0, 1/N ] is fixed and ak(j) = m1

k(ξ + j/N), bk(j) = m2
k(ξ + j/N) are

vectors in CN for j = 0, 1, . . . , N − 1 where 0 ≤ k ≤ N − 1, then by Lemma 3.5,6

the solvability of system of Eqs. (3.13) and (3.14) is equivalent to

M0

(
ξ +

j +N

N

)
= M0

(
ξ +

j

N

)
, ξ ∈

[
0,

1
N

]
, j = 0, 1, . . . , N − 1,

which is equivalent to (3.12).

The main purpose in the remaining sections is to construct a nonuniform mul-
tiresolution analysis on positive half-line starting from a Walsh polynomial m0 sat-
isfying appropriate conditions and finding suitable analogue of Cohen’s conditions.

4. Construction of Nonuniform Multiresolution Analysis
on Positive Half-Line

Our goal in this section is to construct a nonuniform multiresolution analysis on a
positive half-line starting from a polynomial m0 of the form

m0(ξ) = m1
0(ξ) + χ

( r
N
, ξ
)
m2

0(ξ), (4.1)

where N > 1 is an integer and r is an odd integer with 1 ≤ r ≤ 2N − 1 such that r
and N are relatively prime and m1

0(ξ) and m2
0(ξ) are locally L2 Walsh polynomials.

The scaling function ϕ associated with given nonuniform multiresolution analysis
on positive half-line should satisfy the scaling relation

ϕ̃(ξ) = m0

(
ξ

N

)
ϕ̃

(
ξ

N

)
. (4.2)

Define

M0(ξ) = |m1
0(ξ)|2 + |m2

0(ξ)|2,
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and suppose
N−1∑
p=0

M0

(
ξ +

p

N

)
= 1 (4.3)

and
N−1∑
p=0

αpM0

(
ξ +

p

N

)
= 0, (4.4)

where α = χ(r/N, 1). It follows from (4.2) that

ϕ̃(ξ) =
∞∏

k=1

m0

(
ξ

Nk

)
. (4.5)

Also assume that m0(0) = 1 in order for the infinite product
∏∞

k=1m0( ξ
Nk ) to

converge pointwise. For an arbitrary function m0 of the form (4.1) the conditions
(4.3) and (4.4) imply that |m0| ≤ 1 a.e. Since if |m0(ξ)| > 1 for a fixed ξ, then
|m1

0(ξ)| + |m2
0(ξ)| > 1 and thus |M0(ξ)| > 1

2 .
We obtain the inequalities

N−1∑
p=1

M0

(
ξ +

p

N

)
<

1
2

and ∣∣∣∣∣
N−1∑
p=1

M0

(
ξ +

p

N

)∣∣∣∣∣ = |M0(ξ)| > 1
2

which yields to a contradiction.

Theorem 4.1. Let m0 be a polynomial of the form (4.1) where m1
0 and m2

0 are
locally square integrable functions and M0 satisfy (4.3) and (4.4). Let ϕ be defined
by (4.5) and assume that the infinite product defining ϕ̃ converges a.e. on R+. Then
the function ϕ ∈ L2(R+).

Proof. Consider the integrals

A1 =
∫ N

0

M0

(
ξ

N

)
dξ

and

Ak =
∫ Nk

0

M0

(
ξ

Nk

) k−1∏
j=1

∣∣∣∣m0

(
ξ

N j

)∣∣∣∣
2

dξ for k ≥ 2,

A1 =
∫ N

0

M0

(
ξ

N

)
dξ =

∫ 1

0

N−1∑
p=0

M0

(
ξ

N
+

p

N

)
dξ = 1
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and

Ak =
∫ Nk

0

M0

(
ξ

Nk

) k−1∏
j=1

∣∣∣∣m0

(
ξ

N j

)∣∣∣∣
2

dξ

=
∫ Nk−1

0

N−1∑
p=0

∣∣∣∣m0

(
ξ

Nk−1
+ p

)∣∣∣∣
2

M0

(
ξ

Nk
+

p

N

) k−2∏
j=1

∣∣∣∣m0

(
ξ

N j

)∣∣∣∣
2

dξ.

We find that
N−1∑
p=0

∣∣∣∣m0

(
ξ

Nk
+ p

)∣∣∣∣
2

M0

(
ξ

Nk
+

p

N

)

=

[∣∣∣∣m1
0

(
ξ

Nk−1

)∣∣∣∣
2

+
∣∣∣∣m2

0

(
ξ

Nk−1

)∣∣∣∣
2
]

N−1∑
p=0

M0

(
ξ

Nk
+

p

N

)

+m1
0

(
ξ

Nk−1

)
m2

0

(
ξ

Nk−1

)
χ

(
r

N
,

ξ

Nk−1

)N−1∑
p=0

αpM0

(
ξ

Nk
+

p

N

)

+m1
0

(
ξ

Nk−1

)
m2

0

(
ξ

Nk−1

)
χ

(
r

N
,

ξ

Nk−1

)N−1∑
p=0

α−pM0

(
ξ

Nk
+

p

N

)

=
∣∣∣∣m1

0

(
ξ

Nk−1

)∣∣∣∣
2

+
∣∣∣∣m2

0

(
ξ

Nk−1

)∣∣∣∣
2

= M0

(
ξ

Nk−1

)
.

This shows that

Ak =
∫ Nk−1

0

M0

(
ξ

Nk−1

) k−2∏
j=1

∣∣∣∣m0

(
ξ

N j

)∣∣∣∣
2

dξ = Ak−1.

It follows that, for all k

Ak = Ak−1 = Ak−2 = · · · = A1 = 1.

Hence ∫ Nk

0

|ϕ̃(ξ)|2 dξ ≤
∫ Nk

0

k−1∏
j=1

∣∣∣∣m0

(
ξ

N j

)∣∣∣∣
2

dξ

≤
∫ Nk

0

2M0

(
ξ

Nk

) k−1∏
j=1

∣∣∣∣m0

(
ξ

N j

)∣∣∣∣
2

dξ

= 2Ak = 2.

Since k is arbitrary, it follows that ϕ ∈ L2(R+).
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We will construct nonuniform multiresolution analysis on a positive half-line
from a polynomial m0 of the form (4.1) which satisfies (4.3) and (4.4) and also the
condition m0(0) = 1.

By Theorem 4.1 we obtain a compactly supported function ϕ ∈ L2(R+),2 which
satisfies

ϕ̃(Nξ) = m0(ξ)ϕ̃(ξ). (4.6)

Now, it is necessary to determine the orthonormality of the system of functions
{ϕ(x� λ)}λ∈Λ+ in L2(R+) where Λ+ = {0, r/N} + Z+.

If the orthonormality condition is satisfied, we can define

V0 = span{ϕ(x� λ)}λ∈Λ+

and Vj for j ∈ Z is defined as

f(x) ∈ Vj ⇔ f
( x

N j

)
∈ V0 (4.7)

so that (iv) and (v) of Definition 3.1 hold.
Also Eq. (4.6) implies that (i) also holds. The remaining two conditions (ii) and

(iii) follow from the results of Theorems 4.2 and 4.3 which are analogies of the
results in standard theory.2,12

For an integer m, let εm(R+) denotes the collection of all functions f on R+

which are constant on [sN−m, (s+ 1)N−m) for each s ∈ Z+. Further we set,

ε̃m(R+) = {f : f is W-continuous and f̃ ∈ εm(R+)}

and

ε(R+) =
∞⋃

m=1

εm(R+), ε̃(R+) =
∞⋃

m=1

ε̃m(R+).

The following properties are true:

(1) εm(R+) and ε̃m(R+) are dense in Lq(R+) for 1 ≤ q ≤ ∞.
(2) If f ∈ L1(R+) ∪ εm(R+), then supp f̃ ⊂ [0, Nm].
(3) If f ∈ L1(R+) ∪ ε̃m(R+), then supp f ⊂ [0, Nm].

For ϕ ∈ L2(R+), we put

ϕj,λ(x) = N j/2ϕ(N jx� λ), j ∈ Z, λ ∈ Λ+.

Let Pj be the orthogonal projection of L2(R+) to Vj .

Theorem 4.2. Let Λ+ = {0, r/N}+Z+. Suppose that ϕ ∈ L2(R+) is such that the
collection {ϕ(x � λ)}λ∈Λ+ is an orthonormal system in L2(R+) with closed linear
span V0 and Vj is defined by (4.7) then

⋂
j∈Z

Vj = {0}.
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Proof. Let f ∈ ⋂j∈Z
Vj . Given an ε > 0 and a continuous function u which is

compactly supported in some interval [0, R], R > 0 and satisfies ‖f−u‖2 < ε. Then
we have

‖f − Pju‖2 ≤ ‖Pj(f − u)‖2 ≤ ‖f − u‖2 < ε

so that

‖f‖2 < ‖Pju‖2 + ε.

Using the fact that the collection {N j/2ϕ(N jx� λ)}λ∈Λ+ is an orthonormal bases
for Vj

‖Pju‖2
2 =

∑
λ∈Λ+

|〈Pju, ϕj,λ〉|2

= (N)j
∑

λ∈Λ+

∣∣∣∣∣
∫ R

0

u(x)ϕ(N jx� λ)dx

∣∣∣∣∣
2

≤ (N)j‖u‖2
∞R

∑
λ∈Λ+

∫ R

0

|ϕ(N jx� λ)|2 dx,

where ‖u‖∞ denotes the supremum norm of u. If j is chosen small enough so that
RN j ≤ 1, then

‖Pju‖2
2 ≤ ‖u‖2

∞

∫
SR,j

|ϕ(x)|2 dx

= ‖u‖2
∞

∫
R+

ISr,j (x)|ϕ(x)|2 dx, (4.8)

where SR,j =
⋃

λ∈Λ+
{y � λ/y ∈ [0, RN j]} and ISr,j denotes the characteristic

function of Sr,j .
It can be easily checked that

lim
j→−∞

ISR,j (x) = 0 ∀x /∈ Λ+.

Thus from Eq. (4.8) by using the dominated convergence theorem, we get

lim
j→−∞

‖Pju‖2 = 0.

Therefore, we conclude that ‖f‖2 < ε and since ε is arbitrary, f = 0 and thus⋂
j∈Z

Vj = {0}.

Theorem 4.3. Let ϕ ∈ L2(R+) is such that the collection {ϕ(x � λ)}λ∈Λ+ is an
orthonormal system in L2(R+) with closed linear span V0 and Vj is defined by (4.7)
and assume that ϕ̃(ξ) is bounded for all ξ and continuous near ξ = 0 with |ϕ̃(0)| = 1,
then

⋃
j∈Z

Vj = L2(R+).
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Proof. Let f ∈ (
⋃

j∈Z
Vj)⊥.

Given an ε > 0 we choose u ∈ L1(R+) ∩ ε(R+) such that ‖f − u‖2 < ε.
Then for any j ∈ Z+, we have

‖Pjf‖2
2 = 〈Pjf, Pjf〉 = 〈f, Pjf〉 = 0

and so

‖Pju‖2 = ‖Pj(f − u)‖2 ≤ ‖f − u‖2 < ε.

Then we put g(ξ) = ũ(ξ)ϕ̃(N−jξ) for some function g of the form

g(ξ) = g1(ξ) + χ
(
ξ,
r

N

)
g2(ξ),

where g1 and g2 are locally square integrable, 1/2-periodic functions.
If g(ξ) has the expansion of the form

∑
λ∈Λ+

cλχ(ξ, λ) on the set [0, 1], then

cλ =
∫ 1

0

g(ξ)χ(ξ, λ)dξ

=
∫

R+

ũ(ξ)ϕ̃(N−jξ)χ(ξ, λ)dξ, λ ∈ Λ+.

If λ ∈ Z+, we have

∫ 1

0

2g1(ξ)χ(ξ, λ)dξ =
∫ 1

0

∑
k∈Z+

ũ(ξ + k)ϕ̃
(
ξ

N j
+

k

N j

)
χ(ξ, λ)dξ.

Therefore

g1(ξ) =
1
2

∑
k∈Z+

ũ(ξ + k)ϕ̃
(
ξ

N j
+

k

N j

)
.

On taking λ = r
N +m where m ∈ Z+, we obtain

g2(ξ) =
1
2

∑
k∈Z+

ũ(ξ + k)ϕ̃
(
ξ

N j
+

k

N j

)
χ
(
ξ + k,

r

N

)
.

Therefore

g(ξ) =
1
2

∑
k∈Z+

ũ(ξ + k)ϕ̃
(
ξ

N j
+

k

N j

)
(1 + αk),

where α = χ(r/N, 1).
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Since the collection {N j/2ϕ(N jx�λ)}λ∈Λ+ is an orthonormal basis for Vj , if in
addition ũ has compact support, for large values of j

‖Pju‖2
2 =

∑
λ∈Λ+

|〈u, ϕj,λ〉|2 =
∫

R+

|u(ξ)|2|ϕ̃(N−jξ)|2 dξ.

By Lebesgue dominated convergence theorem as j → ∞, the expression on R.H.S.
converges to |ϕ̃(0)|2‖ũ‖2

2. Therefore

ε > ‖Pju‖2 = ‖ũ‖2 = ‖u‖.
Consequently

‖f‖2 < ε+ ‖u‖2 < 2ε.

Since ε is arbitrary, therefore f = 0.

5. The Analogue of Cohen’s Condition

On the basis of construction in the previous section it is necessary to determine
the orthonormality of the system of functions {ϕ(x � λ)}λ∈Λ+ . We are going to
consider the analogue of Cohen’s condition for nonuniform multiresolution analysis
on positive half-line.

Theorem 5.1. Let m0 be a polynomial of the form (4.1) which satisfies m0(0) = 1
together with the conditions (4.3) and (4.4). Let ϕ be defined by the formula (4.5)
and Λ+ = {0, r/N} + Z+. Then the following are equivalent:

(1) ∃ a W-compact set E such that 0 ∈ int(E), µ(E) = 1, E ≡ [0, 1](mod Z+) and

inf
j∈N

inf
w∈E

|m0(N−jw)| > 0 (5.1)

(2) The system {ϕ(x� λ)}λ∈Λ+ is orthonormal in L2(R+).

Proof. We will start by proving (1) ⇒ (2).
For k ∈ N, define

µk(ξ) =
k∏

j=1

m0

(
ξ

N j

)
IE

(
ξ

N j

)
, ξ ∈ R+.

Since 0 ∈ int(E)

µk → ϕ̃ pointwise as k → ∞. (5.2)

By Eq. (4.5), there is a constant c1 > 0 such that∣∣∣∣m0

(
ξ

Nk

)∣∣∣∣ ≥ c1 > 0 for k ∈ N, ξ ∈ E.

By (a) and (c) ∃ an integer k0 such that

m0

(
ξ

Nk

)
= 1 for k > k0, ξ ∈ E.
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Thus

ϕ̃(ξ) =
k0∏

k=1

m0

(
ξ

Nk

)
, ξ ∈ E

and so

c−k0
1 |ϕ(ξ)| ≥ IE(ξ), ξ ∈ R+. (5.3)

Therefore

|µk(ξ)| =
k∏

j=1

∣∣∣∣m0

(
ξ

N j

)∣∣∣∣ IE
(
ξ

N j

)

≤ c−k0
1

k∏
j=1

∣∣∣∣m0

(
ξ

N j

)∣∣∣∣
∣∣∣∣ϕ̃
(
ξ

N j

)∣∣∣∣
which yields

|µk(ξ)| ≤ c−k0
1 |ϕ̃(ξ)|, k ∈ N, ξ ∈ R+.

This implies

|µk(ξ)| ≤ c|ϕ̃(ξ)|, k ∈ N, ξ ∈ R+.

Therefore by Lebesgue DCT the sequence {µk} converges to ϕ̃ in L2(R+) norm.
We will compute the integral∫

R+

|µk(ξ)|2χ(λ� σ, ξ)dξ where λ, σ ∈ Λ+.

If k = 1, then∫
R+

|µ1(ξ)|2χ(λ� σ, ξ)dξ =
∫

R+

∣∣∣∣m0

(
ξ

N

)∣∣∣∣
2

IE

(
ξ

N

)
χ(λ � σ, ξ)dξ

= N

∫
E

|m0(ξ)|2χ(λ� σ,Nξ)dξ.

Using the assumption E ≡ [0, 1] (mod Λ+), we get∫
R+

|µ1(ξ)|2χ(λ� σ, ξ)dξ = N

∫
[0,1]

|m0(ξ)|2χ(λ� σ,Nξ)dξ

= N

∫
[0,1]

M0(ξ)χ(λ � σ,Nξ)dξ

= N

∫
[0,1/N ]

[
N−1∑
p=0

M0

(
ξ +

p

N

)
χ(λ� σ, p)

]

×χ(λ� σ,Nξ)dξ
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= N

∫
[0,1/N ]

χ(λ� σ,Nξ)dξ

=
∫

[0,1]

χ(λ� σ, ξ)dξ = δλσ.

For k > 1

∫
R+

|µk(ξ)|2χ(λ� σ, ξ)dξ =
∫

R+


 k∏

j=1

∣∣∣∣m0

(
ξ

N j

)∣∣∣∣
2

 IE

(
ξ

Nk

)
χ(λ� σ, ξ)dξ.

Setting Ek = {ξ ∈ R+/N
−kξ ∈ E} and w = N−kξ, we have

∫
R+

|µk(ξ)|2χ(λ� σ, ξ)dξ =
∫

Ek

k∏
j=1

∣∣∣∣m0

(
ξ

N j

)∣∣∣∣
2

χ(λ � σ, ξ)dξ

= Nk

∫
E

|m0(w)|2
k−1∏
j=1

|m0(N jw)|2χ(λ� σ,Nkw)dw.

Using the assumption E ≡ [0, 1] (mod Z+) and changing the variable, we get∫
R+

|µk(ξ)|2χ(λ� σ, ξ)dξ

= Nk

∫ 1

0

k−1∏
j=0

|m0(N jξ)|2χ(λ � σ,Nkξ)dξ

= Nk

∫ 1

0


k−1∏

j=1

|m0(N jξ)|2

M0(ξ)χ(λ � σ,Nkξ)dξ

= Nk

∫
[0,1/N ]


k−1∏

j=2

|m0(N jξ)|2



N−1∑

p=0

|m0(Nξ + p)|2M0

(
ξ +

p

N

)
×χ(λ� σ,Nkξ)dξ,

where
N−1∑
p=0

|m0(Nξ + p)|2M0(ξ + p)

=
N−1∑
p=0

|m1
0(Nξ + p) + χ

( r
N
,Nξ + p

)
m2

0(Nξ + p)|2M0

(
ξ +

p

N

)

= [|m1
0(Nξ)|2 + |m2

0(Nξ)|2]
N−1∑
p=0

M0

(
ξ +

p

N

)
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+

[
m1

0(Nξ)m2
0(Nξ)χ

( r
N
,Nξ

)N−1∑
p=0

χ
( r
N
, p
)
M0

(
ξ +

p

N

)]

+

[
m2

0(Nξ)m1
0(Nξ)χ

( r
N
,Nξ

)N−1∑
p=0

χ
( r
N
, p
)
M0

(
ξ +

p

N

)]

= |m1
0(Nξ)|2 + |m2

0(Nξ)|2

= M0(Nξ).

Therefore ∫
R+

|µk(ξ)|2χ(λ� σ, ξ)dξ

= Nk

∫
[0,1/N ]


k−1∏

j=2

|m0(N jξ)|2

M0(Nξ)χ(λ � σ,Nkξ)dξ

= Nk−1

∫
[0,1]


k−1∏

j=2

|m0(N j−1ξ)|2

M0(ξ)χ(λ � σ,Nk−1ξ)dξ

= Nk−1

∫
[0,1]

k−2∏
j=1

|m0(N jξ)|2M0(ξ)χ(λ� σ,Nk−1ξ)dξ

=
∫

R+

|µk−1(ξ)|2χ(λ� σ, ξ)dξ.

Therefore for any k ∈ N∫
R+

|µk(ξ)|2χ(λ� σ, ξ)dξ = δλσ, λ, σ ∈ Λ+.

In particular for k ∈ N ∫
R+

|µk(ξ)|2 dξ = 1.

Since µk → ϕ̃ pointwise as k → ∞ by using Fatou’s lemma, we obtain∫
R+

|ϕ̃(ξ)|2 dξ ≤ 1.

From Eqs. (5.2) and (5.3), by Lebesgue’s DCT it follows that∫
R+

|ϕ̃(ξ)|2χ(λ� σ, ξ)dξ = lim
k→∞

∫
R+

|µk(ξ)|2χ(λ � σ, ξ)dξ.

Therefore, ∫
R+

ϕ(x � λ)ϕ(x � σ) = δλσ, λ, σ ∈ Λ+.

We will now prove the converse (2) ⇒ (1).
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Since the system {ϕ(x� λ)}λ∈Λ+ is orthonormal in L2(R+), therefore we have
the identity ∑

j∈Z+

|ϕ̃(ξ +Nj)|2 = M0

(
ξ

N

)
(5.4)

which can be deduced as in proof of Theorem 3.1.
From Eq. (4.3), we obtain

N−1∑
p=0

M0

(
ξ +

p

N

)
= 1

and thus we can find, for each ξ ∈ [0, 1] an integer p(ξ) ∈ {0, 1, 2, . . . , N − 1} such
that

M0

(
ξ

N
+
p(ξ)
N

)
≥ 1
N
.

Therefore by using (5.4) there exists l(ξ) ∈ N such that∑
j≤l(ξ)

|ϕ̃(ξ + p(ξ) +Nj)|2 > 1
2N

.

Since ϕ̃ is continuous, the finite sum
∑

j≤l(ξ) |ϕ̃(· + p(ξ) + Nj)|2 is continuous.
Therefore there exists, for every ξ in [0, 1], a neighborhood {ζ : |ζ − ξ| ≤ Rξ} so
that, for all ζ in this neighborhood∑

j≤l(ξ)

|ϕ̃(ζ + p(ξ) +Nj)|2 > 1
2N

.

Since [0, 1] is compact, we can find a finite subset of the collection of intervals
{ζ : |ζ − ξ| ≤ Rξ} which covers [0, 1]. Let l0 be the maximum of the corresponding
numbers l(ξ) associated with this finite covering. Then for all ζ ∈ [0, 1]∑

j≤l0

|ϕ̃(ζ + p(ξ) +Nj)|2 > 1
2N

.

It follows that for every ξ ∈ [0, 1] ∃ p(ξ) between 0 and l0 such that

|ϕ̃(ξ + p(ξ) +Nk(ξ))|2 > [2N(2l0 + 1)]−1 = C.

By continuity of ϕ̃, there exists for every ξ in [0, 1], a neighborhood {ζ : |ζ − ξ| ≤
r(ξ)} so that, for all ζ in this neighborhood

|ϕ̃(ζ + p(ξ) +Nk(ξ))|2 > C.

Let U(ξ) ≡ {ζ ∈ [0, 1], |ζ − ξ| ≤ r(ξ)}.
Since ϕ̃(0) = 1, we can take p(0) = k(0) = 0.
Since [0, 1] is compact, we can find a finite collection {U(ξi)}M

i=0 which covers
[0, 1] with ξ0 = 0.
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Define

S0 = U(ξ0)

and

Sl = U(ξl)

∖
l−1⋃
j=0

U(ξj) if 1 ≤ l ≤M.

The Sl, 0 ≤ l ≤M form a partition of [0, 1].
We define

E =
M⋃
l=0

(Sl + p(ξl) +Nk(ξl)),

then E is clearly compact E ≡ [0, 1] (mod Z+).
By construction, |ϕ̃(ξ)| ≥ C on E and E contains a neighborhood of 0.
Next we will show that E satisfies (5.1).
From the remark in [2, p. 183], we need only to check that infξ∈E |m0

(
ξ

Nj

)| > 0
for a finite number j, 1 ≤ j ≤ j0.

For ξ ∈ E, we have

|ϕ̃(ξ)| =


 j0∏

j=1

∣∣∣∣m0

(
ξ

N j

)∣∣∣∣

∣∣∣∣ϕ̃

(
ξ

N j0

)∣∣∣∣ (5.5)

is bounded below away from zero.
Since |ϕ̃| is also bounded, the first factor on the right-hand side of above equation

has therefore no zeros on the compact set E. Since finite product of a continuous
function is also continuous, therefore

j0∏
j=1

∣∣∣∣m0

(
ξ

N j

)∣∣∣∣ ≥ C1 > 0 for ξ ∈ E.

Since |m0| ≤ 1, we therefore have, for any j, 1 ≤ j ≤ j0∣∣∣∣m0

(
ξ

N j

)∣∣∣∣ ≥
j0∏

j′=1

∣∣∣∣m0

(
ξ

N j′

)∣∣∣∣ ≥ C1 > 0.

This proves that (5.1) is satisfied.

Example 5.1. Let N = 2, r = 3 and m1
0(ξ) = m2

0(ξ) = 1
2 , ξ ∈ [0, 2).

Since m1
0(ξ) = m1

0(ξ) + χ( r
N , ξ)m

2
0(ξ) and

χ

(
3
2
, ξ

)
=




1 ξ ∈
[
0,

1
2

)
∪
[
3
2
, 2
)

−1 ξ ∈
[
1
2
,
3
2

) ,
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therefore

m0(ξ) =




1 ξ ∈
[
0,

1
2

)
∪
[
3
2
, 2
)

0 ξ ∈
[
1
2
,
3
2

) .

Since M0(ξ) = |m1
0(ξ)|2 + |m2

0(ξ)|2, therefore M0(ξ) = 1
2 , ξ ∈ [0, 2) and

N−1∑
p=0

M0

(
ξ +

p

N

)
= 1,

N−1∑
p=0

αpM0

(
ξ +

p

N

)
= 0

where α = χ(3
2 , 1) = −1.

Then from Eq. (4.5), we have ϕ̃(ξ) = I[0,1)(ξ). By Theorem 5.1 this function
generates a nonuniform multiresolution in L2(R+).
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