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Gabardo and Nashed have studied nonuniform multiresolution analysis based on the
theory of spectral pairs in a series of papers, see Refs. 4 and 5. Farkov,? has extended the
notion of multiresolution analysis on locally compact Abelian groups and constructed
the compactly supported orthogonal p-wavelets on LQ(]R_._). ‘We have considered the
nonuniform multiresolution analysis on positive half-line. The associated subspace Vp of
L?(R4) has an orthonormal basis, a collection of translates of the scaling function ¢
of the form {¢(z © A)}rea, where Ay = {0,7/N} +Zy, N > 1 (an integer) and 7 is
an odd integer with 1 < r < 2N — 1 such that » and N are relatively prime and Z is
the set of non-negative integers. We find the necessary and sufficient condition for the
existence of associated wavelets and derive the analogue of Cohen’s condition for the
nonuniform multiresolution analysis on the positive half-line.
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1. Introduction

Multiresolution analysis is known as the heart of wavelet theory. The concept of
multiresolution analysis provides an elegant tool for the construction of wavelets.
A multiresolution on the set of real numbers R, introduced by Mallat,'® under the
inspiration of Y. Meyer is an increasing sequence of closed subspaces {V;};ez of
L*(R) such that ;o V; = {0}, U,z Vj is dense in L*(R) and which satisfies
f(z) € V; if and only if f(22) € Vj41. Furthermore, there should exist an ele-
ment ¢ € Vj such that the collection of integer translates of ¢, {¢(z — n)}nez
is a complete orthonormal system for Vj. In the definition of multiresolution
analysis the dilation factor of two can be replaced by an integer N > 2 and
one can construct N — 1 wavelets to generate the whole space L?(R). A simi-
lar generalization of multiresolution analysis can be made in higher dimensions
by considering matrix dilations, see Ref. 10. Gabardo and Nashed,® considered a
generalization of the notion of multiresolution analysis, which is called nonuni-
form multiresolution analysis (NUMRA) and is based on the theory of spectral
pairs.

Given a one-periodic trigonometric polynomial mg satisfying the identities
mo(0) = 1 and |mo(€ + 1/2)]> + |mo(€)|> = 1, Cohen’s condition provides a nec-
essary and sufficient condition for a function ¢, defined via the Fourier transform
by the infinite product (5(5) = [I2, mo(Q%), to be the scaling function of some
multiresolution analysis on R and in particular, for the sequence of translates of ¢
i.e. {¢(x — n)}nez, that generates the associated subspace Vp, to be orthonormal.
Gabardo and Nashed,” derive the analogue of Cohen’s condition for the generalized
setting of NUMRA.

Walsh analysis or dyadic harmonic analysis has been extensively studied: both
aspects theory as well as applications, see Refs. 3, 6 and 13. Lang,” ! initiated the
study of wavelet analysis on the Cantor dyadic group. The concept of dyadic mul-
tiresolution analysis has been studied on L?(R,), where R, denotes the positive
half-real line by Protasov and Farkov.'* Farkov,? has given a general construction
of compactly supported orthogonal p-wavelets in L?(R, ) and for all integers p > 2;
these wavelets have been identified with certain lacunary Walsh series on R;. The
approach adopted by Farkov is connected with Walsh—Fourier transform and the
elements of M-band wavelet theory. Also Farkov et al.,* have constructed an algo-
rithm for computing biorthogonal compactly supported dyadic wavelets related to
the Walsh functions on the positive half-line Ry . F. A. Shah,'¢ studied the construc-
tion of p-wavelet packets associated with the multiresolution defined by Farkov,?
for L2(Ry). M. K. Ahmad and J. Igbal,! derived frames and corresponding frame
bounds for vector-valued Weyl-Heisenberg wavelets. In the present paper we intro-
duce the notion of nonuniform multiresolution analysis on positive half-real line
and study the analogue of the results of Gabardo and Nashed and Cohen’s result
cited above.
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Let us recall the definitions of NUMRA and associated set of wavelets:

Definition 1.1. Given an integer N > 1 and an odd integer r with 1 <r < 2N —1
such that » and N are relatively prime, an associated nonuniform multiresolution
analysis (abbreviated NUMRA) is a collection {V}} ez of closed subspaces of L?(R)
satisfying the following properties:

a) V; C Vi Vj e

f(z) € V; if and only if f(2Nz) € Vj41.

There exists a function ¢ € Vj, called a scaling function such that the collection
{¢(x — N)}rea where A = {0,7/N} + 27 is a complete orthonormal system
for V.

)

¢) MNjez Vj = {0}
)
)

It is worth noticing that when N = 1, one recovers from definition above the
standard definition of a one-dimensional MRA with dyadic dilation. When N > 1,
the dilation factor of 2NV ensures that 2NA C 2Z C A. However, the existence
of associated wavelets with the dilation 2N and translation set A is no longer
guaranteed as is the case in the standard setting.

Given a NUMRA, we denote by W,,, the orthogonal complement of V,,, in V41,
for any integer m. It is clear from (a), (b) and (c¢) of Definition 1.1 that

L*(R) = €P Wi
mezZ
Definition 1.2. A collection {9 }r=12, 2n—1 of functions in V; will be called a
set of wavelets associated with a given NUMRA if the family of functions {y(x —
A)}e=1,...2N—1,xeA is an orthonormal system for Wy.

The main results of Gabardo and Nashed deal with necessary and sufficient
condition for the existence of associated wavelets, [6, Theorem 3.7] and extension
of Cohen’s theorem [7, Theorem 4.2]. The following result proved in Ref. 6, provides
the simple necessary and sufficient conditions for the existence of the associated set
of wavelets.

Theorem 1.1. Consider a NUMRA with associated parameters N and r, as in
Definition 1.1, such that the corresponding space Vi has an orthonormal system of
the form {¢p(x — N }ren, where A = {0,r/N} + 2Z, ¢ satisfies the scaling relation

H(2N€) = mo(€)b($),

where ¢ denotes the Fourier transform of a function ¢ and mqg has the form
mo(€) =my(€) + e Nmi (¢),

for some locally L?, 1/2-periodic functions m} and m3. Define My by

Mo (&) = [mg(&)1* + Img (©)*.
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Then, each of the following conditions is necessary and sufficient for the exis-
tence of associated wavelets 1y, ..., YaN_1:

(a) My is 1/4-periodic.
(b) 32050 Gy * B jen Syn # 16 =1

(¢) For any odd integer m, we have

/¢> x——)dx—O

Gabardo and Nashed” provides an extension to the setting of NUMRASs of the
standard construction of wavelet analysis which consists in constructing a NUMRA
starting from a trigonometric polynomial mg of the form

mo(€) = my(€) + e > Nmg (&), (1.1)

where the integers r and N satisfy N > 1,1 <r <2N — 1, r is odd, r and N are
relatively prime and m}(¢) and m3(€) are 1/2-periodic trigonometric polynomials.

The following theorem by Gabardo and Nashed,” generalizes Cohen’s result for
NUMRA, which gives a sufficient condition for the orthonormality of the collection

{o(x = M }rea-

Theorem 1.2. Let mg be a trigonometric polynomial of the form “(1.1)” which
satisfies mo(0) = 1 together with the conditions

2N—-1

> Mo ¢+ W) =1, (1.2)
p=0
2N—-1
Z of My (f + %) =Y (13)
p=0

where a = e ™"/N and Mo(&) = |my(&))? + [m3(€)]?. Let ¢ be defined by the
formula
(2NE) = mo(€)6(¢). (14)

and let A = 0,7/N+2Z. Then a sufficient condition for the collection {¢p(z—X)}ren
to be orthonormal in L?(R) is the existence of a constant ¢ > 0 and of a compact
set K C R that contains a neighborhood of the origin and satisfies

de/Q*Z(SN]*XK_l

JEZL

such that

Furthermore, if the function My defined by Mo(€) = |m§(&)[* + |m3(&)|* is 1/4-
periodic, the condition is also necessary.
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This paper is organized as follows. In Sec. 2, we explain certain results of Walsh—
Fourier analysis. We present a brief review of generalized Walsh functions, Walsh—
Fourier transforms and its various properties, multiresolution p-analysis in L?(R )
introduced by Farkov.? Nonuniform multiresolution analysis on positive half-line is
defined in Sec. 3 and a necessary and sufficient condition for the existence of associ-
ated wavelet is given. In Sec. 4, we construct nonuniform multiresolution analysis on
positive half-line starting from a Walsh polynomial m satisfying appropriate con-
ditions and showing that the scaling function ¢ defined, via the Fourier transform,
by the corresponding infinite product

¢(&) = ’f[lmo (%)

belong to L?(R ). We construct a nonuniform multiresolution analysis on positive
half-line with a compactly supported scaling function . In Sec. 5, we find the
analogue of Cohen’s condition for nonuniform multiresolution on positive half-line
which gives necessary and sufficient condition for the orthonormality of the system
{o(x © X\)}ren, where Ay = {0,7/N} +Zy, N > 1is an integer and r is an odd
integer with 1 <7 < 2N — 1 such that r and N are relatively prime.

2. Certain Results of Walsh—Fourier Analysis

Let p be a fixed natural number greater than 1. As usual, let R} = [0, 4+00) and
Zy = {0,1,...}. Denote by [z] the integer part of z. For x € R4 and for any
integer j

zj=[p’z] (modp), z_;=I[p'"’z] (modp), (2.1)

where z;,z_; € {0,1,...,p — 1}. It is clear that for each x € Ry, 3k =k(z) in N
such that x_; =0Vj > k.
Consider on R, the addition defined as follows:
z@y=> &p T 4> &p,
§<0 3>0
with & = z; +y; (modp), j € Z\{0}, where §; € {0,1,2,...,p— 1} and z;, y; are
calculated by (2.1).

For p = 2 & was introduced by N. J. Fine, see Ref. 13. For x € Ry and j € N
we define the numbers z;,z_; € {0,1} as follows:

zj=[272] (mod2), z_;=[2""72] (mod?2), (2.2)
where [-] denotes the integral part of x € Ry. z; and z_; are the digits of the
binary expansion

szxﬂ*j*l +ij27j. (2.3)
§<0 =0

(For dyadic x, we obtain an expansion with finitely many nonzero terms.)
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For fixed z,y € R4, we set

z@y=> |o;—y27 7+ |y —yyl27,
j<0 §>0
where z;, y; are defined in (2.2). By definition x © y = 2 @y (because « & z = 0).
The binary operation @ identifies Ry with the group G2 (dyadic group with
addition modulo two) and is useful in the study of dyadic Hardy classes and image
processing, see Refs. 6 and 13.
For x € [0,1), let ro(x) is given by

{1 x €[0,1/p),

. . . ) (2.4)
6;7 xe[]p a(.]+1)p )’ j:1a27"'ap_1a

ro(x) =

where &, = exp(22%).
The extenslon of the function r¢ to Ry is defined by the equality ro(x + 1) =
ro(x), x € Ry. Then the generalized Walsh functions {wn,(x)}mez, are defined by

k
wo(x) =1 and wp,(x H ro(p’a)
7=0
where
k
m:Z/J’ij7 ﬂj€{0717"'7p_1}7 :ukt#oa
j=0

(the classical Walsh system corresponds for the case p = 2).
For z,w € Ry, let

271
x(x,w) = exp - Z(xjw,j +a_w;) |, (2.5)
j=1

where z; and w; are given by (2.1).
We observe that

X (m,pni) =X <pnx 17m) = W, <Z%> Vo elo,p"h), meZ.

The Walsh-Fourier transform of a function f € L*(R,) is defined by

Ry

where x(x,w) is given by (2.5).
If fe L?(Ry) and

/ f@)x(z,w)dz (a>0), (2.7)

then f is defined as limit of J, f in L2(Ry) as a — oc.
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Properties of Walsh—Fourier transform

If f € L*(R,), then f € L2(R) and

Ifl2@y) = £l 22y )-

If x,y,w € Ry and = @ y is p-adic irrational, then

X(Z‘ D yaw) = X(x7w)X(y7w)7 (28)

see Ref. 6. Thus for fixed 2 and w, the equality (2.8) holds for all y € R, except
for countably many. It is well known that systems {x(c,-)}o>, and {x(-,®)}>2,
are orthonormal bases in L?[0, 1].

Let {w} denotes the fractional part of w. For any ¢ € L?(Ry) and k € Z,, we
have

/M o x@kdx_z/m w) B, {w )
:/0 (ZW“’””Q)WW. (2.9)

leZy

Therefore, a necessary and sufficient condition for a system {p(- © k)/k € Z1} to
be orthonormal in L?(R) is

dlpw+DP =1 ae. (2.10)
leZy

Multiresolution p-analysis in L?(R, ) defined by Farkov? is as follows.

Definition 2.1. A multiresolution p-analysis in L?(R,) is a sequence of closed
subspaces V; C L%(Ry) (j € Z) such that the following hold:

(1) V; CVjyq forall j € Z.

(i) J V; is dense in L*(R4) and ) V; = {0}.

(iii) f(-) € Vi< f(p) € Vi for all j € Z.

(iv) f()eVoe f(-@k) €V, forall k € Zy.

(v) There is a function ¢ € L?(R) such that {¢(-©k)/k € Z } is an orthonormal
basis of V.

The function ¢ is called a scaling function in L?(R).

Farkov® has given a general construction of compactly supported orthogonal
p-wavelets in L?(R, ) arising from scaling filters with p™ many terms. For all integer
p > 2 these wavelets are identified with certain lacunary Walsh series on R . In this
new setting Farkov has proved the extension of classical results concerning necessary
and sufficient condition of wavelets associated with the classical multiresolution
analysis.
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The following theorem by Farkov generalizes A. Cohen’s result:

Theorem 2.1. Let

p"—1

= Z aq X (o, w
a=0

be a polynomial satisfying the following conditions:

(a) mo(0) = 1.

(b) SP5  fmo(sp™™ @ jp~Y)2 =1 for s =0,1,...,p" 1 — 1.

(¢) There exists a W-compact set E such that 0 € int(E), w(E) = 1, E =
[0,1) (modZy) and

inf inf |mo(p~7w)| > 0.
jeN weFE

If the Walsh—Fourier transform of o € L>(Ry) can be written as

=Dt

then ¢ is a scaling function in L?(R.).

3. Nonuniform Multiresolution Analysis on Positive Half-Line

Definition 3.1. For an integer N > 1 and an odd integer r with 1 <r <2N —1
such that r and N are relatively prime, an associated nonuniform multiresolution
analysis on positive half-line is a sequence of closed subspaces V; C L*(Ry), j € Z
such that the following properties hold:

(i) V; Vi VjeZ
(i) UJGZ V] is dense in L?(R,).
(i) Mo V = {01
) 1€V, & [(N) eV viet
(v) There exists a function ¢ € Vj such that {¢(x © X\),\ € Ay} where Ay =
{0,7/N} + Z,, is a complete orthonormal system for V;.

The function ¢ is called a scaling function in L?(R).
When N > 1, the dilation factor of N ensures that
NAL CZi C Al
By the conditions (iv) and (v) of the Definition 3.1
pia(x) = NNz o)), AeAy
constitute an orthonormal basis in Vj.
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Since Vy C Vi, the function ¢ € V7 and has the Fourier expansion

p(x) = Y ha(N)?p(Nz e ),
AEAL

where hy = [ @(z)p1x(z)dz.
This implies that

o(z) =N Z arxo(Nz o N), Z lax|? < oo,
AeAy AeAy

where ay = (N)~/?h,.

Lemma 3.1. Consider a nonuniform multiresolution analysis on positive half-line
as in Definition 3.1. Let 19 = ¢ and suppose 3N — 1 functions vy, k = 1,2,...,
N — 1 in Vi such that the family of functions {r(x © X)}rea, k=0.1,....N—1 forms
an orthonormal system in Vi. Then the system is complete in V.

Proof. Since ¢, € Vi, k = 0,1,..., N — 1 there exists the sequences {h}}rea,
satisfying 30yc . [PA]* < oo such that

bi(z) = 3 BENVZp(Nz & \).
AN

This implies that
dr(e) =N Y adfe(Nzer), D a5 <o,

AEAL AEAL
where a§ = (N)~1/2hk.
On taking the Walsh-Fourier transform, we have

G (6) = my (%) @ (%) ; (3.1)
where my(§) = Y,cy, ahx(A,€) and x(A,€) = exp(FE 72 (Vi€ + A-j&)))
where \; and ¢; are given by (2.1) for a positive integer N.
Since Ay = {0,7/N} + Z,, we can write
mi(€) = mi(©) +x (5 €)mi(©), k=0,1... . N-1, (3.2)

where mj, and m} are locally L? functions.
According to Ref. 8 for A € Ay, where Ay = {0,7/N} +Z4 and by assumption
we have

di(@)i(x © Nde = [ r(€)du(€)x(\, €)de
R Ry
= Ox100n,
where 05, denotes the Kronecker delta.
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Define

hia(€) = Y (€ + NjGi(E+ Nj), 0<k, I<N-1
JELy

If A € Z4, we have

On taking A = & +n where n € Z, we obtain

@REE N = [ x (€ ma(e)de
= [ DX () hmterac

— /[O,N]mx (%,f) [:E:X (%»P)hkl(f‘f']?)

By the orthonormality of the system {tx(z © A)}xea. k=0,1,...n—1 We conclude
that

Ry

de.

N-1
Z hii (€ + p) = 0 (3.3)
p=0
and
N— N-1
Z ( ,P>hkl§+]9)—0 Le. Zaphklé—i—p)—o (3.4)
p=0 p=0

where oo = x(r/N, 1), since x(r/N,p) = [x(r/N,1)]P for p=0,1,...,N — 1.
Now we will express the conditions (3.3) and (3.4) in terms of my as follows:

hi(NE) = Y dk(NE+ Nj)u(NE+ Nj)

JELy
= > BINE+DIRIN(E+ )]
JELy
= > mrE+ HmuE+)IgE + )P
JELy
= [mp(OmE(&) + mp(EmZ ()] > |8 +4)?

JELy
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L JELy
Therefore,
N-1
hit(NE) = [my,(&)m} (&) + mE(E)mF(€)] Y hoo(€ + J)
=0
i r i r
+ | miOmEEx (5+€) D x (573) hoo(€ +)
L j:0
i T g T
+ | mA©mIEx (:€) 2 x (57+3) hool€ +3)
L j:0

m(§)m] () + mi (§)mj (€)-

By using the last identity and Egs. (3.3) and (3.4), we obtain

N-1 —_—— —_——

2 lm,lC (%) m; <in> +m3 (%) m? <§LNP> = 11, (3.5)
and

N-1

Z of lm,lC (%) m} <§LNP) +m3 <£#> m? <§#) =0, (3.6)

p=0

0<kI<N-1.

Both of these conditions together are equivalent to the orthonormality of the
system {¢n(x © A)}aer, k=01,....N—1-

The completeness of the system {1y, (x@)\)},\eA+,k:0,1,,,,,N,1 in Vj is equivalent
to the completeness of the system {%ﬂ’k(% © N }aers k=0,1,...N—1} in Vp. For a
given arbitrary function f € Vp, by assumption 3 a unique function m(§) of the
form > ycn, Oax(A,§) where 30,y |ba]? < oo such that f(£) = m(£)@(€).

Hence, in order to prove the claim, it is enough to show that the system of
functions

S = {X(VA mi (&) Freny k=01,..8-1
is complete in L2[0, 1].
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Let g € L?[0, 1], therefore 3 locally L? functions g; and g2 such that

9(6) = 91(8) + x (57-€) 92(6)-

Assuming that g is orthogonal to all functions in S, we then have for any A € A,

and k € {0,1,..., N — 1} that

0— / XE NN mi(€)g(@)de
[0,1]

- /[ XE NNk €718 + mi €)mTE (3.7)
0,1
Taking A = m where m € Z, and defining
wk(&):mllc(f)gl(f)+mi(f)g2(§)v k=0,1,...,N—1,
we obtain
— [ NENmw (€
[0,1]
N-1 j
= X (&, Nm) W <§+—> d¢
/[o,m J_Zo N
Since this equality holds for all m € Z., therefore
N-1 .
J\ _
Z Wi (f + N) =0 fora.e.¢. (3.8)
j=0
Similarly, on taking A = m + & where m € Z,, we obtain
0= /[ XENTIXE k(e
0,1
N-1 j
~ [ XEmAET Y o (4 4 ) e
/[o,m ;o N
Hence we deduce that
N-1 j
' o wy, <£—|— N) =0 fora.e. ¢,
7=0
which proves our claim. O
If Yo, %1,...,%Nn_-1 € Vi are as in Lemma 3.1, one can obtain from them an

orthonormal basis for L?(R ) by following the standard procedure for construction
of wavelets from a given MRA.%12:17:18 Tt can be easily checked that for every m € Z,
the collection {N™/%¢(N™z & M) }aeds k=0,1,...N—1 is a complete orthonormal

system for V1.
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Given a NUMRA on positive half-line, we denote by W,,, the orthogonal com-
plement of V;,, in V41, m € Z. It is clear from (i), (ii) and (iii) of Definition 3.1
that

L2 (R+) = @ Wi,
meZ
where & denotes the orthogonal direct sum with the inner product of L?(R..).

From this it follows immediately that the collection {N™/24¢y(N™z ©
M) Iredy mez k=12, N—1 forms a complete orthonormal system for L*(R.).

Definition 3.2. A collection {%y }r=1.2. ~—1 of functions in V; will be called a set
of wavelets associated with a given nonuniform multiresolution analysis on positive
half-line if the family of functions {x(z S A) br=1,2
system for W.

veey

.....

N-1,xeA, is an orthonormal

The following theorem proves the necessary and sufficient condition for the
existence of associated set of wavelets to nonuniform multiresolution analysis on
positive half-line.

Theorem 3.1. Consider a nonuniform multiresolution analysis on a positive half-
line with associated parameters N and r, as in Definition 3.1, such that the corre-
sponding space Vo has an orthonormal system of the form {p(x © X)}rea, where
Ay ={0,r/N} + Z4, ¢ satisfies

w0 =m(5)e (%) (39

and mq has the form

mo(€) = mb(€) + x (57+€)ma(E). (3.10)
for some locally L? functions m$ and m3. My is defined as
Mo(€) = [mg (&) + Img(&)[*. (3.11)

Then a necessary and sufficient condition for the existence of associated wavelets
1, 0a, ..., N_1 is that My satisfies the identity

Mo (€ + 1) = Mo(§). (3.12)

Proof. The orthonormality of the collection of functions {¢(z © A)}rea, which
satisfies (3.9), implies the following identities as shown in the proof of Lemma 3.1

N-1 2 2
5 [ ) e )]
p=0
and
N-1 o 2 2
S ok e B+l e BT o
p=0 -
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where o = x(r/N,1). Similarly if {5 }x=1,2,. ~—1 is a set of wavelets associated
with the given nonuniform multiresolution analysis then it satisfies the relation
(3.1) and the orthonormality of the collection {tx}r=01,. . ~N—1 in Vi is equivalent
to the identities

N-1 _— E
3 [ (52 i () ot (52) e (2= 9
p=0

and
N-1 _ —
e () m () et () (5] -0 o
p=0

0<kI<N-1

If £ € [0,1/N] is fixed and ag(j) = mp(§ + j/N), bp(j) = mi({+ j/N) are
vectors in CV for j = 0,1,...,N — 1 where 0 < k < N — 1, then by Lemma 3.5,
the solvability of system of Eqgs. (3.13) and (3.14) is equivalent to

JENY _ J 1 . B
(650 o (64 3). eefod]. monn

which is equivalent to (3.12). m|

The main purpose in the remaining sections is to construct a nonuniform mul-
tiresolution analysis on positive half-line starting from a Walsh polynomial m sat-
isfying appropriate conditions and finding suitable analogue of Cohen’s conditions.

4. Construction of Nonuniform Multiresolution Analysis
on Positive Half-Line

Our goal in this section is to construct a nonuniform multiresolution analysis on a
positive half-line starting from a polynomial m of the form

mo(§) = mb(€) + x (7€) mA(E), (4.1)

where N > 1 is an integer and 7 is an odd integer with 1 < < 2N — 1 such that r
and N are relatively prime and m}(¢) and m3(€) are locally L? Walsh polynomials.
The scaling function ¢ associated with given nonuniform multiresolution analysis
on positive half-line should satisfy the scaling relation

@(§) = mo (%) % (%) : (4.2)

Mo(€) = [mp(&)I* + ImG (&)1,

Define
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where a = x(r/N, 1). It follows from (4.2) that

N—-1
Py _ .
;MO<§+N) 1 (4.3)
N—-1
3 oM, (g + %) ~0, (4.4)
70 =]]m (%) | (45)

Also assume that mg(0) = 1 in order for the infinite product [],—, mo(%) to
converge pointwise. For an arbitrary function mg of the form (4.1) the conditions
(4.3) and (4.4) imply that |mg| < 1 a.e. Since if |mg(§)] > 1 for a fixed &, then
[m(€)| + [m3(€)] > 1 and thus [Mo(€)] > L.

We obtain the inequalities

and

N-1

S (e+2) <

=1

3
N =

N1 ) )
pz:‘: My <§+ N)’ = [Mo(&)| > B

which yields to a contradiction.

Theorem 4.1. Let mg be a polynomial of the form (4.1) where m§ and m3 are
locally square integrable functions and My satisfy (4.3) and (4.4). Let ¢ be defined
by (4.5) and assume that the infinite product defining ¢ converges a.e. on Ry. Then

the function p € L*(Ry).

Proof. Consider the integrals

and

()11

N
= [ () o
(%)
j=1 N

3 RS & p B
N)dg_/o pZ_OM0<N+N)d§_1

1250018-15
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()

and

Nk k—1
o[ ()

Jj=1
Nk—1 N—1 2 k—2
L Zle(sE )l (i) I

2

dg

2

§
o | mo <m dé-
p=0 j=1
We find that
N—-1 2
£ § . p
pZ:O mg <m +p My NG + N

This shows that

NE-1 k—2
=) (e

Jj=1

N
A=A 1 =Ap o=---=A, =1
Nk Nk k-1
o € )
| wsera< [ 1T (%
Nk 5 k—1
<[, (5o I

j=1

It follows that, for all k

Hence

2
dg

n($)

2

dg

=24, =2.

Since k is arbitrary, it follows that ¢ € L*(R.).
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We will construct nonuniform multiresolution analysis on a positive half-line
from a polynomial mg of the form (4.1) which satisfies (4.3) and (4.4) and also the
condition mg(0) = 1.

By Theorem 4.1 we obtain a compactly supported function ¢ € L?(R),? which
satisfies

G(NE) = mo(§)p(E)- (4.6)

Now, it is necessary to determine the orthonormality of the system of functions
{o(© N)}ren, in L2(Ry) where Ay = {0,7/N} + Z;.
If the orthonormality condition is satisfied, we can define

Vo = span{y(z © M) }rea,

and Vj for j € Z is defined as

f@)eVie f(a7) €V (4.7)

so that (iv) and (v) of Definition 3.1 hold.

Also Eq. (4.6) implies that (i) also holds. The remaining two conditions (ii) and
(iii) follow from the results of Theorems 4.2 and 4.3 which are analogies of the
results in standard theory.?!2

For an integer m, let €,,(Ry) denotes the collection of all functions f on Ry
which are constant on [sN ™, (s + 1)N~"™) for each s € Z, . Further we set,

em(Ry) = {f : f is W-continuous and f € &,,(R;)}

and

m=1 m=1

The following properties are true:

(1) em(R4) and &5, (R4.) are dense in L(R) for 1 < ¢ < oo.
(2) If f € LY(R}) Uem(Ry), then supp f C [0, N™].
(3) If f € L'(R}) Uer,(Ry), then supp f C [0, N™].

For ¢ € L*(R;), we put
pin(@) = NI2p(NIz S N), jEZ, A€ A,
Let P; be the orthogonal projection of L*(Ry) to V;.

Theorem 4.2. Let A, = {0,7/N}+Z,. Suppose that p € L?>(R.) is such that the
collection {¢o(x © X)}rea, is an orthonormal system in L*(Ry) with closed linear
span Vo and V; is defined by (4.7) then ;5 Vi = {0}
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Proof. Let f € (;c; Vj. Given an € > 0 and a continuous function u which is
compactly supported in some interval [0, R], R > 0 and satisfies || f —u||2 < €. Then
we have

If = Piulle < |P(f —u)ll2 < |[f —ull2 <€
so that
[ fll2 < [Pjull2 +e.

Using the fact that the collection {N7/2p(N’z & A)}aea. is an orthonormal bases
for V;

1Puld =D [(Pyu, i)l

AEAL
. R e 2
= (N)/ / u(z)p(Niz & N)dx
xeAy V0
N) ||lul|2R Z/ (Niz o \)|? dr,
AEAL

where ||u||oo denotes the supremum norm of w. If j is chosen small enough so that
RN7 < 1, then

1Pyl < ful% / ()2 da

SRyj

S / Is,, (2)p(a)|? dz, (48)

where Sgr; = Uyea, {v © My € [0, RN’]} and I, , denotes the characteristic
function of S, ; .
It can be easily checked that

lim Is, () =0 Vz¢gA,.

j——00
Thus from Eq. (4.8) by using the dominated convergence theorem, we get

J——00

Therefore, we conclude that ||f|l2 < € and since € is arbitrary, f = 0 and thus

mJGZ - {0} O

Theorem 4.3. Let ¢ € L*(Ry) is such that the collection {p(z © X)}rea, is an
orthonormal system in L*(Ry) with closed linear span Vi and V; is defined by (4.7)
and assume that P(&) is bounded for all & and continuous near & = 0 with |¢(0)] = 1,
then | = L3(Ry).

jGZ
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Proof. Let f € (U,ez Vi)t
Given an € > 0 we choose u € L*(Ry)Ne(Ry) such that ||f — ull2 < e.
Then for any j € Z,, we have

1P fll3 = (P f, Pif) = (f, Pif) =0
and so
[Pjullz = [P (f —u)ll2 < If —ull2 <e

Then we put g(£) = @(&)P(N-I€) for some function g of the form

9(6) = 91(8) + x (& 17 ) 92(9),

where g1 and g9 are locally square integrable, 1/2-periodic functions.
If (&) has the expansion of the form 7\, exx(§; A) on the set [0, 1], then

1
o = /0 9(E)X(E, N de
- /R WEBNTON(ENE, e As.

If A € Z4, we have

! k

| 2m©xte s - / S A+ kg (i+—) (6, \)de.

0 kE€Zy

Therefore
1 k
91(§) = 3 > alE+ k) (% + ﬁ)
keZ4

On taking A = & +m where m € Z,, we obtain

w6 =5 5 a(e+ 08 (55 + 35 ) X (€4 b 7).

ez,
Therefore
96 =5 3 ale+ 02 (55 + 37 )1+ )
=

where o = x(r/N, 1).
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Since the collection {N7/2¢o(N7x & A)}aea, is an orthonormal basis for V}, if in

addition @ has compact support, for large values of j

1Pl = 3 [ gi)l? = / u(€) 2LV IE) 2 de.

AeEAL +

By Lebesgue dominated convergence theorem as j — oo, the expression on R.H.S.

converges to |p(0)|?|@||3. Therefore
€ > || Pjullz = ||all2 = [Ju]|.
Consequently
[ £ll2 < €+ [lull2 < 2€.

Since € is arbitrary, therefore f = 0.

5. The Analogue of Cohen’s Condition

On the basis of construction in the previous section it is necessary to determine
the orthonormality of the system of functions {p(x © A)}rea,. We are going to
consider the analogue of Cohen’s condition for nonuniform multiresolution analysis

on positive half-line.

Theorem 5.1. Let mq be a polynomial of the form (4.1) which satisfies mo(0) =1
together with the conditions (4.3) and (4.4). Let ¢ be defined by the formula (4.5)

and Ay ={0,7/N} + Z,. Then the following are equivalent:

(1) 3a W-compact set E such that 0 € int(E), p(E) =1, E =10,1](mod Z+) and

inf inf N7w)| >0
inf, ol Imo(V )

(2) The system {o(x © N)}ren, is orthonormal in L*(Ry).

Proof. We will start by proving (1) = (2).
For k € N, define

. ¢ ¢
1k (§) = Hmo (ﬁ) Ig (m) , §EeR4.
j=1

Since 0 € int(E)
Ur — ¢ pointwise as k — oo.

By Eq. (4.5), there is a constant ¢; > 0 such that

(%)

By (a) and (¢) 3 an integer ko such that

>c >0 forkeN, € E.

mo<%):1 for k > kg, £ € FE.

1250018-20
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Thus
ko ¢
36 = [ mo (m) ek
k=1
and so
et ™€) = Ie(€), € €Ry. (5.3)
Therefore

k

(@] =]

Jj=1

k
<t
j=1

n($)
(5 (5)

k()] < e7™1@(€)], kEN, ¢eRy.

which yields

This implies

k(@) < cl@(€)l, k€N, Ry

Therefore by Lebesgue DCT the sequence {ux} converges to ¢ in L?(R,) norm.
We will compute the integral

/ e () Px(N © 0,€)dé  where A\, 0 € Ay.
Ry

()

- N / Imo(€) PX(N S 0, NEde.
E

If k=1, then

2 é. -
I (—) NOCEL

JGECErE s

R+

Using the assumption E = [0, 1] (mod A4), we get

/ (&) PN S 0, 8)dé = N / Imo(€) XN 6 o, NEde
R, [0,1]

=N Mo(&)x(A © o, N&)dE

[0,1]
N—1 p
=N My (é+ =) x(Aea,p)
o [ Z (e F)

X xX(A© o, N§)dE
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=N XA© o, N§)dE
[0,1/N]

= / X(A© 0,8)dE = ).
(0,1]

()

Setting Ej, = {¢ € R, /NF¢ € E} and w = N™F¢, we have

/mk (©)PX(N B o, 6)de = /k“ ( )

k—1

= N [ fmo(w)? [T o) NS o Ny
Jj=1

For k > 1

k

(€)X (X © 0, €)dE = s [H

Jj=1

2

I (37 ) XhE .G

Ry

X(A©0,8)d¢

Using the assumption E = [0,1] (mod Z; ) and changing the variable, we get

k(P x(X © 7,8)d¢

R
1 k-1 -
-t [ T ot v
1 | k-1 ) N
:zvk/O [H mo(NJ£)|2] Mo(E)x(A © o, Ng)dg
j=1
. e (NE+p)Mo (€4 2
[t [F e 3
de&
where
N—-1
> Imo(N€ +p)[*Mo(¢ + p)
p=0

N—1 -
= > mb(NE +p) + x (15 N€ +p)mB(VE + p)PMo (€ + £ )
p=0

= [Imd(NO)[* + [ma (V) ZM0(5+ =)
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- e T (e 9€) 3 x () (e )
p=0
+ | mvOmENOX (5 Ns)le( #) Mo (€+ )

= Imo(NE)* + Img(N€)[”
= Mo(NE).

Therefore

/R (€)X B o B de

(k-1
= k j 2 N wvhe
=N /[0’1/]\/] ]];[2 |m0(Nj§)| ] Mo(Nf)X(,\ So,N f)df

(k-1
_ ket NI 2| Mo(&)x(\ & o, NF-1€)d¢
/M jHQ 0 >|] 0(€)x( )
k—2 ] - ===
- N /[ TT Imo(NV€)12Mo(€)xX & o, NFTE)de
0, j=1

— [ @B 7 g
Ry
Therefore for any k € N
| QPR o = s, Ao € A
Ry
In particular for kK € N

/ k(O] de = 1.
R

Since pr — @ pointwise as k — oo by using Fatou’s lemma, we obtain
| o<t
R

From Egs. (5.2) and (5.3), by Lebesgue’s DCT it follows that

| e e g = tim [ @ XS 0,6

R+ — 00 R+
Therefore,
RN
Ry

We will now prove the converse (2) = (1).
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Since the system {¢(z © A)}aea, is orthonormal in L?(Ry ), therefore we have
the identity

3 I6le+ NP = o (%) (54)

which can be deduced as in proof of Theorem 3.1.
From Eq. (4.3), we obtain

N—-1 »
;MO(“N):

and thus we can find, for each € € [0,1] an integer p(¢) € {0,1,2,..., N — 1} such

that
M. ¢ p&) 1
0 (N * T) = N°

Therefore by using (5.4) there exists [(£) € N such that
1
~ N2 L
Z [B(€+p(&) + NA)* > o
J<UE)

Since ¢ is continuous, the finite sum 37, ;) [G(- + p(§) + Nj)|? is continuous.
Therefore there exists, for every ¢ in [0, 1], a neighborhood {¢ : [¢ — &| < R¢} so
that, for all ¢ in this neighborhood

1
2
D 1B+ pE) + NP > 5
J<I©)

Since [0, 1] is compact, we can find a finite subset of the collection of intervals
{¢ :|¢ — €| < R¢} which covers [0, 1]. Let Iy be the maximum of the corresponding
numbers /() associated with this finite covering. Then for all ¢ € [0, 1]

1
~ N2 L
D 1P(CH+p(©) + NP > 5.
Jj<lo
It follows that for every £ € [0,1] 3 p(§) between 0 and Iy such that
(€ + (&) + NE(©))I > 2N (2l + 1)) = C.
By continuity of ¢, there exists for every ¢ in [0, 1], a neighborhood {¢ : [ — ¢| <
r(£)} so that, for all ¢ in this neighborhood
[2(C + (&) + NE(©)* > C.

Let U(§) = {¢ € [0,1],[C = ¢ < ()}
Since ¢(0) = 1, we can take p(0) = k(0) =
Since [0, 1] is compact, we can find a ﬁnlte collection {U(&)}M ) which covers
[0, 1] with & = 0.
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Define
So = U(&o)

and
-1
S=U@\ JU) ifr1<i<m
=0

The S;, 0 <1 < M form a partition of [0, 1].
We define

M
E = U (Si +p(&) + NEk(&)),

=0
then F is clearly compact F = [0,1] (modZ.).
By construction, [¢(£§)| > C on E and E contains a neighborhood of 0.
Next we will show that E satisfies (5.1).
From the remark in [2, p. 183], we need only to check that infecp |mo(%)| >0

for a finite number 7, 1 < j < jp.
£ (€
mo (35)|) |2 (555 (55)
is bounded below away from zero.

For £ € I, we have
Since || is also bounded, the first factor on the right-hand side of above equation
has therefore no zeros on the compact set E. Since finite product of a continuous

Jo

=11

Jj=1

p(£)

function is also continuous, therefore

Jo

II

Jj=1

m0<%)‘201>0 fOI‘fEE.

Since |mg| < 1, we therefore have, for any j, 1 < j < jo

()] i (6] 20

it NI
j =

This proves that (5.1) is satisfied. m|

Example 5.1. Let N =2, r = 3 and m§(§) = m (&) = 3, £ €0,2).
Since mj (&) = mg(€) + x(F,€)mi(€) and

X(Tf): ' 56[‘)’%)%;2)7

2 13
- 56[575)

2 )
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therefore

Cecpl)olte)
13 '
§e [5,5)

mo(§) =

Since Mo (&) = [m{(&)|? + |mi(£)[?, therefore My(&) = 1, £ €[0,2) and

=2

N—-1
I;)M0<§+%):1, apM0<£+%>:O

i)
I
=)

where o = x(3,1) = —1.

Then from Eq. (4.5), we have ¢(§) = Ijo,1)(§). By Theorem 5.1 this function

generates a nonuniform multiresolution in L?(R).
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